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This document is concerned with the selection of a measurement 
schedule for an onboard navigation system. The instrument which is con- 
sidered to be of interest is the sextant or theodolite. Three sets of 
auxiliary schedule data are presented to act as engineering guides in 
the selection of stars and planetary bodies along the trajectory of 
interest. 
trip Mars trajectory and a lunar trajectory. The value of using the 
auxiliary data as a guide is verified by obtaining tracking schedule 
evaluation data from a digital computer simulation of an onboard tracking 
The use of this auxiliary data is demonstrated along a round 
s y s t em. 
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CONTRACTOR REPORT 
THE SCHEDULING OF MEASUREMENTS 
FOR ANALYSIS OF AN ONBOARD NAVIGATION SYSTEM 
SUMMARY 
This document i s  cqncerned with t h e  s e l e c t i o n  of a measurement sched- 
u l e  f o r  an  onboard navigat ion system. 
to  be of i n t e r e s t  are the sextafit and t h e  theodol i te .  Three sets of a u x i l i a r y  
schedule da t a  are presented  t o  act  a s  engineer ing guides i n  the  s e l e c t i o n  
of stars and p l ane ta ry  bodies  along the t r a j e c t o r y  of i n t e r e s t .  
of t h i s  a u x i l i a r y  da t a  i s  demonstrated along a round-tr ip  Mars t r a j e c t o r y  
and a lunar  t r a j e c t o r y .  The va lue  of us ing  t h e  a u x i l i a r y  da t a  as a guide 
i s  v e r i f i e d  by obta in ing  t r ack ing  schedule eva lua t ion  da ta  from a d i g i t a l  
computer s imulat ion of an onboard t racking  system. 
The instruments  which are considered 
The use 
SECTION I. INTRODUCTION 
One of t h e  problems a s soc ia t ed  with s t u d i e s  of naviga t ion  ins t rumenta t ion  
requirements of space missions i s  t h e  s e l e c t i o n  of a measurement schedule f o r  t h e  
onboard instrumentation. 
i t  is  d e s i r a b l e  t o  provide t h e  c a p a b i l i t y  of naviga t ion ,  but  it can a r i s e  i n  un- 
manned probes when a high-accuracy o r b i t  r e l a t i v e  t o  the  t a r g e t  body is needed t o  
f u l f i l l  t h e  mission objec t ives .  
This  problem usua l ly  arises f o r  manned missions where 
The b a s i c  d i f f i c u l t y  i s  that it i s  not  f e a s i b l e  t o  c a l c u l a t e  da t a  f o r  a l l  of 
the  l a r g e  number of poss ib l e  schedules  and observat ions.  
ed i n  e s t a b l i s h i n g  which observa t ions  a r e  t h e  most important on a given schedule 
and t h e  e f f e c t  of scheduling. To p l an  da ta  runs t o  e s t a b l i s h  t h e  i n t e r r e l a t i o n -  
sh ips  between these f a c t o r s ,  some gu ide l ines  a r e  needed. 
datum ca lcu la t ion  on a d i g i t a l  computer r equ i r e s  a reasonable  amount of t i m e ,  i t  
i s  d e s i r a b l e  t o  organize t h e  c a l c u l a t i o n s  such t h a t  every run provides  a s  much 
information a s  possible .  
One usua l ly  i s  i n t e r e s t -  
I n  add i t ion ,  s i n c e  each 
Some of t h e  bas i c  problems a s soc ia t ed  wi th  onboard naviga t ion  a r e  d iscussed  
i n  t h i s  document, and suggest ions a r e  made a s  t o  c e r t a i n  a u x i l i a r y  da t a  which can 
be ca l cu la t ed  p r i o r  t o  t h e  naviga t ion  study. It i s  be l ieved  t h a t  t h i s  a u x i l i a r y  
d a t a  i s  q u i t e  u se fu l  i n  forming the  engineer ing type of gu ide l ines  needed t o  re- 
duce t h e  number of observa t ion  schedules t o  be evaluated. 
These d a t a  a re  c e r t a i n  q u a n t i t i e s  c a l c u l a t e d  on t h e  nominal t r a j e c t o r y *  which 
suggest  those  measurements which are t h e  most promising as a func t ion  of time. 
The method suggested he re  i s  p r imar i ly  f o r  cons ide ra t ion  of a l i ne -o f - s igh t  (LOS) 
t ype  of measurement. This  impl ies  t h e  use of a t h e o d o l i t e  o r  s ex tan t  type of de- 
v i c e  where t h e  fol lawing ques t ions  a r e  important:  
1. 
2. 
3. 
Which p lane tary  body should be used? 
Is t h e  Sun i n  an  unfavorable pos i t i on?  
What type of requirements are placed on t h e  c o n t r o l  system by an  
observat ion sequence? 
In a d d i t i o n  t o  the  above cons idera t ions ,  t h e  use  of t h e  s e x t a n t  r e q u i r e s  
answers t o  two more quest ions.  
4. Which s t a r s  should be used? 
5. Is t h e  s ta r -p lane tary  body angle w i t h i n  s p e c i f i e d  l i m i t s ?  
The a u x i l i a r y  data which are presented  h e r e  have been designed t o  provide  
information relevant  to  answering t h e s e  ques t ions .  
answering t h e  f irst  t h r e e  ques t ions  are p resen ted  i n  Sec t ion  111; the last two 
ques t ions ,  which a r e  p r imar i ly  concerned wi th  t h e  sextant measurement, are ans- 
wered i n  Sec t ion  IV. 
* The naninal t r a j e c t o r i e s  used i n  t h i s  doc-nt are descr ibed  in Appendix A. 
Data which are u s e f u l  a i d s  in  
2 
SECTION 11. NAVIGATION MEASUREMENTS 
The naviga t ion  measurements which a r e  of i n t e r e s t  i n  t h i s  document a r e  the  two 
angle  measurements required t o  determine t h e  d i r e c t i o n  of t he  l ine-of -s ight  (LOS) 
t o  a p l ane ta ry  body. These measurements are: (1) r i g h t  ascension (RA) and de- 
c l i n a t i o n  (DEC) of t h e  body measured i n  a n  i n e r t i a l  re fe rence  frame when us ing  a 
t h e o d o l i t e ,  o r  (2) two separa te  s t a r  planet  angles  when using a sex tan t .  
It i s  assumed t h a t  estimates of t h e  spacec ra f t ' s  p o s i t i o n  and v e l o c i t y  are 
known so t h a t  pe r tu rba t ion  techniques and l i n e a r  f i l t e r i n g  can be employed i n  
us ing  t h e  observat ion data.  As i s  shown i n  Appendix B, each angular  measurement 
e s t a b l i s h e s  a component of spacecraf t  p o s i t i o n  along some d i r e c t i o n  i n  space. The 
p a r t i c u l a r  d i r e c t i o n  i n  which t h e  pos i t i on  i s  e s t ab l i shed  i s  descr ibed by t h e  gra- 
d i e n t  of t h e  measurement wi th  respec t  t o  t h e  spacec ra f t ' s  pos i t ion .  This  row 
vector ,  E, cha rac t e r i zes  each of t h e  measurements which are made. As shown i n  
Appendix B,  measurement of the  LOS d i r e c t i o n  e s t a b l i s h e s  the  spacec ra f t ' s  p o s i t i o n  
i n  a p lane  normal t o  t h e  LOS di rec t ion .  
value may be w r i t t e n  as: 
The measurement devia t ion  from t h e  nominal 
6 q - r ; . x  
where: 
6q = dev ia t ion  of measurement va lue  from nominal value 
= grad ien t  of measurement wi th  respec t  t o  v e h i c l e ' s  
= p o s i t i o n  s t a t e  dev ia t ion  from nominal. 
p o s i t i o n  s t a t e  
x 
I n  order  t o  be a b l e  t o  e s t a b l i s h  t h e  spacec ra f t ' s  t o t a l  p o s i t i o n  s ta te  de- 
v i a t i o n  from t h e  nominal a t  a given t i m e ,  a minimum of t h r e e  measurements must be 
made. 
as shown below. 
The set of measurements would be descr ibed by t h e  t h r e e  a s soc ia t ed  fi vec to r s  
i;, 4). 
4 
, h3 
where 1 , 2 , and 3 refer t o  t h e  three  measurements. 
4 
Definiqg t h e  r e s idua l s ,  6ql, 6q2, 6q3 as a vec to r ,  Q, and t h e  t h r e e  h vec to r s  
as a 3 x 3 matrix H, Equation 2 may be w r i t t e n  as: 
Q = H x  
3 
T h i s  equation may be solved f o r  t h e  p o s i t i o n  dev ia t ion  s t a t e ,  x ,  i n  t h e  
fol lowing manner i f  H i s  i n v e r t i b l e .  
-1 x = H  Q ( 4 )  
-1 The exis tence of H r equ i r e s  t h a t  none of the v e c t o r s  i s  ze ro  nor i s  one 
Then the  t o t a l  p o s i t i o n  de- v e c t o r  l i n e a r l y  dependent on the  o the r  two vectors .  
v i a t i o n  s t a t e  may be obtained as  shown by Equation ( 4 ) .  
A considerat ion of t h e  e r r o r s  a s soc ia t ed  with t h e  measurements i n d i c a t e s  
4 
t h e  d e s i r a b i l i t y  of having t h e  h v e c t o r s  not  only l i n e a r l y  independent but a l s o  
near  orthogonal. 
ments being made, t h e  measurement e r r o r s  may be p i c t o r i a l l y  represented a s  shown 
i n  Figure 1. 
I f  a two-dimensional problem i s  considered with two measure- 
I n  Figure 1, one observat ion i s  made of each body, A and B. 
4 4 
I n  both cases shown, the  measurement v e c t o r s  h and h are independent so A B ~ 
t h a t  t h e  p o s i t i o n  i n  the  plane could be e s t ab l i shed .  
two cases  i s  i l l u s t r a t e d  by t h e  cross-hatched s e c t i o n s  i n  the  f igu re .  These 
p i c t o r i a l l y  represent t h e  standard dev ia t ion  of t h e  p o s i t i o n  estimate obtained 
wi th  t h e  measurements of t h e  d i r e c t i o n  of t h e  LOS t o  p l a n e t s  A and B. The de- 
s i r a b i l i t y  of having t h e  h vec to r s  i n  orthogonal d i r e c t i o n s  i s  apparent.  
The d i f f e r e n c e  between t h e  
-) 
These basic  measurement p r o p e r t i e s  which have been presented he re  w i l l  be 
used i n  t h e  ana lys i s  of t he  a u x i l i a r y  da t a  t o  be presented i n  Sec t ions  I11 and I V .  
-L 
H H 
A B 
\ I /  
I I- 
I I HA 
I I 
I I  
FIGURE 1 .  MEASUREMENT ERRORS FOR A TWO-DIMENSIONAL PROBLEM 
4 
SECTION 111. PLANETARY BODY SELECTION 
A. GENERAL 
I n  t h i s  s e c t i o n ,  a u x i l i a r y  data  w i l l  be presented  t o  a c t  a s  a guide i n  
the  s e l e c t i o n  of those p l ane ta ry  bodies which a r e  t o  be used f o r  naviga t ion  mea- 
surements. I n  t h e  case of s e l e c t i o n  of a body f o r  use  wi th  a s ex tan t ,  t h e  se lec-  
t i o n  of t h e  bodies  w i l l  have t o  a l s o  be evaluated f o r  presence of s t a r s  a s  shown 
i n  Sec t ion  ZV. 
The d iscuss ion  of t he  onboard navigat ion measurement i n  Sec t ion  I1 ind i -  
ca t ed  t h e  fol lowing t h r e e  important f a c t o r s  a r e  t o  be considered when making 
measurements: 
1, 
2. D i rec t ion  of t h e  h vec to r  which c h a r a c t e r i z e s  a measuremeht. 
3, Re la t ive  d i r e c t i o n s  of t he  h vec to r s  a s soc ia t ed  wi th  a s e t  of 
Accuracy of measurement being performed. 
-* 
-* 
observat ions.  
These t h r e e  f a c t o r s  were used as guides  ip s e l e c t i n g  the  type of a u x i l i a r y  
da ta  which would provide va luable  information f o r  t he  s e l e c t i o n  of p l ane ta ry  bodies. 
B. MEASUREMENT ACCURACY 
Q u i t e  obviously the  measurement accuracy which i s  a t t a i n a b l e  wi th  a 
given instrument i s  one of t he  fundamental c h a r a c t e r i s t i c s  which desc r ibes  an  on- 
board nav iga t ion  system. For o p t i c a l  devices ,  th is  accuracy i s  u s u a l l y  s p e c i f i e d  
i n  terms of minutes o r  seconds of a rc .  Since t h e  measurement e r r o r  i s  a n  angular  
e r r o r ,  t he  p o s i t i o n  unce r t a in ty  es tab l i shed  wi th  such a device i s  d i r e c t l y  r e l a t e d  
t o  t h e  range of t h e  body being observed. Thus, t he  unce r t a in ty  i n  a p o s i t i o n  mea- 
surement, 8 , f o r  a s i n g l e  observa t ion  of a body i s  
P 
IRI = Range t o  p l ane t  
(5 = Measurement error (s tandard devia t ion)  
8 
One can t h e r e f o r e  use Equation (5) t o  c a l c u l a t e  t h e  unce r t a in ty  i n  a 
p o s i t i o n  measurement when us ing  each of the c e l e s t i a l  bodies  of i n t e r e s t  a long  a 
nominal t r a j e c t o r y .  The angular  measurement e r r o r ,  (s 
be spec i f i ed .  
f o r  t h e  instrument  must 
e ’  
The s tandard dev ia t ion  of t he  angular measurement e r r o r  was assumed t o  
be: 
8 
5 
I where 
ki = the  var iance of t h e  angular  e r r o r  when the  instrument 
k: = t h e  var iance of t h e  angular  e r r o r  when t h e  instrument 
i s  u s e d  t o  measure the  subtended angle  of t he  body a t  
some low a l t i t u d e  
i s  used € o r  s t a r - s t a r  measurements 
PAD = r ad ius  of t h e  body 
IRl = range t o  body cen te r  
The e r r o r  model given by Equation (6) i s  based on the  assumpt iw t h a t  a s  
t h e  body i s  approached, i t s  s ize  i n  t h e  f i e l d  of view i n c r e a s e s ,  thus causing a 
g r e a t e r  e r r o r  i n  d e t e c t i n g  t h e  apparent c e n t e r  ( o r  RIM). It i s  l i k e l y  t h a t  t h e  
magnitude of the t o t a l  LOS r a t e  should a l s o  e n t e r  i n  t h i s  e r r o r  model due t o  the  
d i f f i . c u l t i e s  of t r ack ing  a moving object .  
t o  l a c k  of information on how to  include t h i s  e f f e c t .  
This  LOS r a t e  e f f e c t  was neglected due 
Figure 2A shows t h e  e r r o r  i n  p o s i t i o n  estimate f o r  a s i n g l e  obse rva t ion  
a s  c a l c u l a t e d  using Equations (5) and (6) a long t h e  Earth-i!rIr,c nominal t r a j e c t o r y .  
The f i g u r e  shows the q u a n t i t y  e a s  a func t ion  of t i m e  f o r  s eve ra l  c e l e s t i a l  bodies 
of i n t e r e s t .  As can be seen, t h e  Earth and Moon provide t h e  smallest p o s i t i o n  un- 
c e r t a i n t y ,  e a r l y  i n  the  f l i g h t .  I n  t h e  middle of the  f l i g h t ,  t h e  Earth,  Moon, Sun, 
Venus, and Mars a r e  a b w t  t h e  same (approximately 10,000 km unce r t a in ty ) .  
end of the f l i g h t ,  Mars has  by f a r  t h e  sma l l e s t  p o s i t i o n  uncertainty.  
shows t h a t  J u p i t e r  i s  not of importance i n  s e l e c t i n g  a schedule,  because t h e  pos i -  
t i o n  measurement e r r o r  f o r  t h i s  body is very l a r g e  f o r  a l l  of the f l i g h t .  
P 
A t  t h e  
Th i s  data  
It i s  of i n t e r e s t  t o  note t h a t  i n  eva lua t ing  t h e  o r d i n a t e  of Figure 2A 
EST' 
( i n  t h e  case of random uncorrelated e r r o r s ) ,  t h e  var iance i n  the  e s t ima te  of a 
reduces a s  t h e  square root  of t h e  number of observat ions,  N, :  parameter, CT 
Therefore,  a n  o r d e r  of magnitude d i f f e r e n c e  i n  t h e  accuracy of a p o s i t i o n  
estimate obtained us ing  one body as  opposed t o  ano the r  i m p l i e s  t h a t  100 of t h e  
poorer  measurements must be made f o r  each good measurement i n  o r d e r  t o  o b t a i n  a n  
e q u a l l y  accurate  estimate. This example i l l u s t r a t e s  t h e  extreme imporlance of t h e  
da t a  shown i n  Figure 2A as a guide i n  s e l e c t i n g  t h e  body or  bodies t o  be used a s  a 
func t ion  of time. 
C. DIRECTION OF LINE-OF-SIGHT 
The d i r e c t i o n  of t h e  LOS to a p l a n e t a r y  body as observed from a space- 
c r a f t  i s  important i n  e s t a b l i s h i n g  the v a l u e  of u s i n g  that body on a naviggt ion 
schedule. As indicated i n  Sec t ion  111, By the accuracy of a measurement i s  a n  
6 
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important considerat ion i n  s e l e c t i n g  a body, but t h e  o r i e n t a t i o n  of the  measure- 
ment vec to r ,  h ,  is equal ly  important. 
d i r e c t i o n  i s  t h a t  t h e r e  i s  a p a r t i c u l a r  r e l a t i o n s h i p  between the  d i r e c t i o n  of t h e  
LOS t o  a body and t h e  h vec to r s  a s soc ia t ed  wi th  t h e  measurements used t o  determine 
the  d i r e c t i o n  of t h e  US. 
i n  F igure  3. The two h vec to r s  assoc ia ted  wi th  t h e  LOS d i r e c t i o n  measurement span 
a plane normal t o  the  d i r e c t i o n  of the  LOS. 
can be determined i n  a plane normal t o  the  LOS di rec t ion .  
d i r e c t i o n  i s  not  determined by t h e  measurements. The s e l e c t i o n  of a second body 
f o r  observat ion which had an U S  d i r e c t i o n  which was nea r ly  orthogonal t o  t h e  
f i r s t  would then y i e l d  t h e  measurement vec to r  required t o  span the  t h i r d  coordi-  
n a t e  of posi t ion.  
which were orthogonal and spanned t h e  t o t a l  p o s i t i o n  space. 
4 
The reason f o r  the  importance of t h e  LOS 
4 
This  r e l a t i o n s h i p  i s  shown i n  Appendix B and i l l u s t r a t e d  
+ 
Therefore,  t he  spacec ra f t ' s  p o s i t i o n  
Pos i t i on  along the  LOS 
+ 
This  s i t u a t i o n  would correspond t o  having a s e t  of h vec to r s  
I n  order  t o  s impl i fy  t h e  p re sen ta t ion  of the  LOS d i r e c t i o n  da ta ,  i t  i s  
d e s i r a b l e  t o  reso lve  t h e  p o s i t i o n  determinat ion problem i n t o  two sepa ra t e  p a r t s .  
Because t h e  t r a j e c t o r y  plane and t h e  o r b i t  p lanes  of a l l  t h e  p l ane ta ry  bodies  of 
i n t e r e s t  a r e  near ly  p a r a l l e l  t o  t h e  e c l i p t i c  during t h e  midphases of an i n t e r -  
p l ane ta ry  t r a j e c t o r y ,  t h e  problem can be resolved by: 
minat ion of the p o s i t i o n  n o m 1  t o  t h e  t r a j e c t o r y  p l a n e  ( and  e c l i p t i c ) ,  a n d  (2)  
determining the two-dimensional p o s i t i o n  i n  t h e  t r a j e c t o r y  p l a n e  ( a n d  e c l i p t i c ) .  
(1) consider ing t h e  de te r -  
STAR 2 
A 
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OA DIRECTION . TO OA 
OF LOS 
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Becaufe of t he  f a c t  t h a t  a11 t h e  p lanes  are n e a r l y  p a r a l l e l  t o  t h e  
e c l i p t i c ,  t h e  t measurement d i r e c t i o n  (normal t o  t h e  LOS r a t e  as descr ibed i n  
Sec t ion  IV, B) f o r  a l l  t h e  p l ane ta ry  bodies i s  i n  t h e  same i n e r t i a l  d i r e c t i o n ,  
normal t o  the  e c l i p t i c .  Therefore ,  t he  p o s i t i o n  coord ina te  normal t o  the  tra- 
j e c t o r y  p lane  may be determined a t  a l l  times by us ing  any of t h e  bodies  wi th  a n  
appropr i a t e  star. It i s  t h e r e f o r e  reasonable t o  use  t h e  body which y i e l d s  t h e  
m o s t  a ccu ra t e  measurement when determining t h i s  coord ina te ,  
The problem of determining t h e  two dimensional p o s i t i o n  i n  t h e  t r a j e c t o r y  
p lane  i s  more d i f f i c u l t .  
measurement h v e c t o r s  which span the  plane of i n t e r e s t ,  the t r a j e c t o r y  plane,  
The s e l e c t i o n  of bodies  t o  be used and the  dec i s ion  a s  t o  when they should be used 
i s  determined by t h e  in-plane geometry. 
geometr ical  b a s i s  i n  conjunct ion wi th  t h e  o t h e r  c o n s t r a i n t  cons ide ra t ions  which 
a r e  discussed i n  Sec t ion  IV and t h e  p o s i t i o n  measurement accuracy, The problem 
t o  be solved i s  shown p i c t o r i a l l y  i n  Figure 4, The small arrows represent  t h e  
h vec to r  a s soc ia t ed  wi th  each p l ane ta ry  body, 
I n  t h i s  ca se ,  one body a t  any one t i m e  w i l l  no t  provide 
+ 
The s e l e c t i o n  of t h e  bodies i s  made on a 
4 
The bodies t o  be'observed should be s e l e c t e d  such t h a t  t h e  a s soc ia t ed  h' 
v e c t o r s  w i l l  span t h e  t r a j e c t o r y  plane.  
As can be seen from Figure  4, i t  would be a va luab le  guide i f  t h e  RA of 
t h e  bodies were presented  as a func t ion  of t i m e  i n  a vehic le -centered ,  non-ro ta t ing  
coord ina te  frame, Th i s  da t a  would a i d  i n  s e l e c t i n g  bodies  f o r  use  when they are 
i d e a l l y  pos i t i oned  r e l a t i v e  to  t h e  vehicle t o  determine the v e h i c l e ' s  in-plane 
p o s i t i o n .  The RA d a t a  have been gtnl.-r.ir . f u r  thxc-i- buc-i - s ,  z ! . ~ i i g  [hi <,: ~ h - h a r -  
t r a j e c t o r y  ( see  Figure 2B). 
on t h e  measurement accuracy da ta  shown i n  Figure 2A.  
The s e l e c t i o n  of t hese  bodies f o r  eva lua t ion  was based 
VENUS 
-L 
4 MEASUREMENT H VECTORS 
USING IN-PLANE STARS 
--- LOS DIRECTIONS 
9 
The usefu lness  of the  da ta  shown i n  Figure 2 and similar da ta  i n  F igures  
' 
5 and 6 f o r  the Mars-Earth and lunar  t r a j e c t o r i e s  i n  s e t t i n g  up an  onboard observa- 
t i o n  schedule w i l l  be demonstrated i n  Sec t ion  111, D. 
D. BODY SELECTION EXAMPLES 
Onboard t racking  schedules have been eva lua ted  t o  provide q u a n t i t a t i v e  
v e r i f i c a t i o n  of t he  u s e  of t he  a u x i l i a r y  da ta  presented i n  Sec t ion  111, B and C. 
The da ta  have been generated by means of a d i g i t a l  computer e r r o r  propagat ion pro- 
gram. Th i s  program i s  a s imulat ion of an  onboard naviga t ion  system using e i t h e r  
a t h e o d o l i t e  o r  s ex tan t  f o r  t h e  observa t ion  instrument.  The program weights a l l  
t he  measurements i n  an optimum s t a t i s t i c a l  sense (Kalman F i l t e r ) ;  thus  each new 
measurement reduces t h e  e r r o r  i n  es t imate  of t h e  m i s s  a t  encounter. 
1. Earth-Mars Tra jec tory .  The a u x i l i a r y  da ta  f o r  t he  Earth-Mars 
t r a j e c t o r y  a r e  shown i n  F igure  2.  The s t a r  s e l e c t i o n  da ta  f o r  use  wi th  a sex- 
t a n t  a re  shown i n  Sec t ion  I V ,  B. 
bodies  shown i n  F igure  2A i n d i c a t e s  t h a t  t h e  bodies  of i n t e r e s t  a r e  Ear th ,  Mars, 
and the  Sun. The moon appears  a s  a f i n e  measurement i f  i t s  use i s  warranted. 
Rel iance on the  use of t h e  moon f o r  naviga t ion  da ta  would poss ib ly  p lace  an un- 
necessary cons t r a in t  on t h e  launch da te  f o r  an  i n t e r p l a n e t a r y  t r a j e c t o r y .  I n  the  
case  of t h e  t r a j e c t o r y  being u s e d ,  t he  moon i s  i n  an  i d e a l  p o s i t i o n  t o  provide 
good t racking  data. 
The measurement accuracy da ta  f o r  t he  ind iv idua l  
The importance of us ing  the  e a r t h  e a r l y  i n  t h e  f l i g h t  and Mars l a t e  
i n  t h e  f l i g h t  f o r  naviga t ion  da ta  i s  r e a d i l y  apparent  from the  good p o s i t i o n  mea- 
surement accuracy (10-100 km) a t t a i n a b l e  a t  t h e s e  t i m e s .  A l s o  evident  i s  the  
f a c t  t h a t  J u p i t e r  i s  an unimportant body on t h i s  t r a j e c t o r y .  The sun appears  t o  
be the  body which might be of value a s  a second body dur ing  the  f i r s t  ha l f  of t he  
f l i g h t .  The next type of a u x i l i a r y  da t a  t o  be used i s  t h a t  shown i n  F igure  2B. 
Recal l ing  t h a t  t h e  d i r e c t i o n  of t he  LOS measurement w i l l  determine the  p o s i t i o n  
coord ina te  normal t o  t h e  LOS d i r e c t i o n ,  t he  use  of t he  s e l e c t e d  bodies  can be 
eva lua ted  f o r  t h e i r  a b i l i t y  t o  determine t h e  inp lane  coordinates .  
(The most accu ra t e  measurement a s  a func t ion  of t i m e  w i l l  be used t o  
e s t a b l i s h  t h e  p o s i t i o n  coord ina te  normal t o  t h e  t r a j e c t o r y  plane.)  
Neglecting the  use of t he  moon temporar i ly ,  t he  p o s i t i o n s  of t h e  
e a r t h  and sun a r e  of i n t e r e s t  e a r l y  i n  the  f l i g h t .  
d i r e c t i o n  of the e a r t h ' s  LOS moves from 180 degrees  t o  280 degrees. 
d i r e c t i o n  then remains r e l a t i v e l y  constant  f o r  approximately 40 days. Neglect ing 
t h e  da t a  which might be obtained during t h e  f i r s t  30 minutes us ing  e a r t h  observa- 
t i o n s ,  t he  pos i t i on  coord ina te  which i s  being determined by t h e  good e a r t h  observa- 
t i o n s  i s  shown by the  A - A l i n e  segments (normal t o  t h e  IDS) i n  F igure  2B. The 
u s e  of t h e  sun during the  e a r l y  p a r t  of t h e  f l i g h t  does no t  appear  t o  be of va lue  
because of two f ac to r s .  F i r s t ,  t he  d i r e c t i o n  of t h e  sun i s  very  n e a r l y  c o l i n e a r  
wi th  t h e  d i r e c t i o n  of t h e  e a r t h  (184 degrees away). 
t h e  d i r e c t i o n  of t h e  M)5 t o  the  sun would a g a i n  determine t h e  p o s i t i o n  coord ina te  
a long t h e  A -' A d i rec t ion .  
is about t w o  orders  of magnitude poorer  t han  t h a t  ob ta ined  us ing  the ea r th .  The 
e f f e c t  of using both a n  earth and a sun obse rva t ion  is shown p i c t o r i a l l y  i n  
I n  the  f i r s t  30 minutes t h e  
The e a r t h ' s  
Therefore ,  measurements of 
Second, t he  measurement accuracy when us ing  t h e  sun 
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Figure 7. The f i g u r e  i l l u s t r a t e s  (not  t o  scale)  t h e  r e l a t i v e  importance of t h e  
two measurements by t h e  t h i c k  I.ines a l o n g  the h vectors.  It sho\Is t h a t  t he  un- 
c e r t a i n t y  i n  p o s i t i o n  along t h e  A - A d i r e c t i o n  i s  reduced by t h e  Earth measure- 
ment t o  a p o i n t  t h a t  the Sun measurement with t h e  l a r g e  e r r o r  a s s o c i a t e d  with i t  
adds very l i t t l e  information. Nei ther  measurement provides p o s i t i o n  information 
along t h e  Earth-Sun i l i ! (  (normal t o  A - A). These fac ts  a r e  borne out by the  
t r ack ing  da ta  s h m n  i n  Figure 8, The ordinate  i s  the e r r o r  i n  estimate of B*T 
and B O K  a t  t h e  end po in t  due t o  e r r o r s  i n  the est imate  of p o s i t i o n  and v e l o c i t y  
a t  t h e  t i m e  shown, The number one curves were generated us ing  a combination of 
Ea r th  and Sun observations.  The number two curves were obtained with the  same 
number of observat ions but u s ing  only Earth observations.  The data demonstrates 
t h e  f a c t  t h a t  t h e  Earth observat ions a r e  more important a t  t h i s  t i m e .  It a l s o  
shows t h a t  t h e  change i n  observat ion body did not i n f luence  t h e  e r r o r  i n  e s t ima te  
of 13-T. Th i s  would imply t h a t  t h i s  e r r o r  was very l i k e l y  dependent on the  CO- 
ordLnate which cannot be determined with the Ea r th  and Sun observat ions e a r l y  i n  
t h e  f l i g h t .  
4 
I n  o rde r  t o  o b t a i n  a pos i t i on  estimate along the  d i r e c t i o n  normal t o  
A - A ,  a body must be viewed which i s  near t h e  A - A d i r e c t i o n .  
i n t e r e s t  i s  shown i n  Figure 2 B  by t h e  cross-hatched sec t ions .  
t e r n a t e  ways of obtaining t h e  d e s i r e d  p o s i t i o n a l  information as shown i n  the 
f igu re .  
of i n t e r e s t .  
ments of t h e  coordinate  normal t o  A - A. 
Moon a t  t h i s  t i m e  i s  shown i n  Figure 2A t o  be 8 lan. 
The region of 
There are two a l -  
Twelve hcurs  out on t h e  t r a j e c t o r y  t h e  Moon passes through t h e  region 
During t h i s  t i m e ,  i t  would be p o s s i b l e  t o  o b t a i n  very f i n e  measure- 
The accuracy of measurement using t h e  
Navigation da ta  which were generated using t h e  Moon i n  conjunct ion 
wi th  t h e  Ea r th  a r e  shown i n  Figure 9. 
measurements with moon observat ions i s  apparent from the  reduct ion i n  the e r r o r  
i n  e s t ima te  of B-T a t  about 5 hours along the  t r a j e c t o r y .  
began y i e l d i n 2  information on the  previously unknown p o s i t i o n  coordinate.  
The s i g n i f i c a n c e  of r ep lac ing  t h e  sun 
A t  t h i s  t i m e  the Moon 
An a l t e r n a t e  method of gaining information on the undetermined co- 
o r d i n a t e  without  using the  Moon is t o  use Sun observat ions s t a r t i n g  a t  40 days. 
A t  t h i s  t i m e ,  the Sun e n t e r s  t h e  region of i n t e r e s t  and t akes  40 days t o  c r o s s  
i t .  The t r ack ing  data shown i n  Figure 10 makes use of the Sun l u r i n g  the f i r s t  
hundred days i n  conjunction wi th  t h e  Earth. 
about 40 days,  the Sun observat ions have the  same inf luence on the e r r o r  i n  es t i -  
mate of B*T a s  t h e  moon does (Figure 9 ) .  The improvement i n  e s t ima te  i s  not a s  
g r e a t  a s  when the Moon was used. 
of t h e  accu rac i e s  a s soc ia t ed  with the Moon and Sun shown i n  Figure 2A f o r  the 
times when they were used. 
A s  can be seen i n  t h a t  f i g u r e  a t  
This  would be expected when comparison i s  made 
During t h e  second ha l f  of the t r a j e c t o r y ,  Mars i s  i n  a p o s i t i o n  t o  
maintain t h e  p o s i t i o n a l  information along t h e  A - A d i r e c t i o n .  
Sun are  i n  a p o s i t i o n  t o  permit es t imat ion of t h e  v e h i c l e ' s  p o s i t i o n  normal t o  
A - A ,  al though the  q u a l i t y  of the measurement i s  poor. 
second h a l f  of t he  f l i g h t ,  i t  i s  possible  t o  have near-orthogonal d i r e c t i o n a l  
coverage of t he  t r a j e c t o r y  plane with the use  of Mars and e i t h e r  t h e  Earth o r  
Sun. 
The Earth and 
Therefore ,  over t h e  
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2. Mars-Earth Tra jec tory .  The same type of a u x i l i a r y  da t a  descr ibed 
For t h i s  above i s  presented i n  F igure  5 f o r  t he  Mars-Earth r e t u r n  t r a j e c t o r y .  
t r a j e c t o r y ,  the bodies of i n t e r e s t  e a r l y  i n  t h e  f l i g h t ,  based on measurement 
accuracy data  shown i n  F igure  5 A ,  a r e  Ea r th  and Mars. The dominant body, Mars, 
e x h i b i t s  t h e  same type of d i r e c t i o n a l  motion a s  t h e  Ear th  d id  on the  out-bound 
mission. It changes approximately 100 degrees  i n  the  f i r s t  30 minutes ,  and then 
i t s  d i r e c t i o n  remains extremely cons tan t  f o r  100 days. As descr ibed i n  t h e  pre-  
v ious  sec t ion ,  t h i s  body would be extremely good f o r  determinat ion of t he  space- 
c r a f t ' s  pos i t i on  i n  t h e  B - B d i r e c t i o n s  shown i n  F igure  5B. The second f e a t u r e  
of i n t e r e s t  i s  s e l e c t i o n  of a body i n  t h e  shaded a rea  f o r  determinat ion of t he  
p o s i t i o n  i n  the d i r e c t i o n  normal t o  B - B. This  i s  where the  r e t u r n  t r a j e c t o r y  
d i f f e r s  from the  outbound. On t h e  outbound t r a j e c t o r y ,  t h e  primary body of i n t e r -  
est e a r l y  i n  f l i g h t  and both secondary bodies  were nea r ly  c o l i n e a r ,  but on the  
r e t u r n  t r a j e c t o r y ,  t he  primary body and two secondary bodies of i n t e r e s t  a r e  near- 
l y  orthogonal. 
da ta  shown i n  F igure  11. The number one curves i l l u s t r a t e  only t h e  use  of Mars 
t racking .  
t r a j e c t o r y  data e a r l y  i n  f l i g h t .  The error i n  e s t ima te  remains r e l a t i v e l y  con- 
s t a n t  dur ing  the t i m e  when a d d i t i o n a l  observa t ions  a r e  being taken. 
cause only  one p o s i t i o n  coord ina te  i s  being es t imated ,  and the  m i s s  e s t ima t ion  
e r r o r  remains l a rge  due t o  the  undetermined p o s i t i o n  s t a t e .  
curves i n  Figure 11 demonstrate t he  va lue  of t he  e a r t h  and sun being i n  a nea r ly  
orthogonal d i r e c t i o n  t o  Mars. 
maintaining the same number of observa t ions  a s  were used f o r  curves one, but t he  
measurements were divided between Mars and t h e  secondary body. 
The d e s i r a b i l i t y  of t h i s  geometry i s  i l l u s t r a t e d  by t h e  t r ack ing  
These data e x h i b i t  t h e  same type of c h a r a c t e r i s t i c s  a s  t he  outbound 
Th i s  i s  be- 
The second and t h i r d  
The da ta  f o r  curves  two and t h r e e  were obtained by 
As would be expected from the  measurement accuracy da ta  shown i n  
Figure 5A, the  use of t he  Ear th  i s  of more va lue  than the  use of the  Sun. The 
measurement e r r o r  f o r  an Ear th  observa t ion  i s  approximately one h a l f  t h a t  of a 
sun observation. 
The da ta  shown i n  Figure 5B a l s o  i n d i c a t e s  a problem i n  t h e  use of 
t h e  e a r t h  early i n  t h e  f l i g h t .  
30 degrees away from the  Sun and moves toward i t .  
t r a j e c t o r y ,  the Ear th  o c c u l t s  t he  Sun. Therefore ,  t h e r e  i s  a region around 30 
days when i t  would not be p r a c t i c a l  t o  use t h e  Ea r th  f o r  obsera t ions .  
The Earth a s  viewed from the  spacec ra f t  i s  about 
A t  about 30 days a long  t h e  
Over the  l a s t  100 days of t h e  t r a j e c t o r y ,  t he  Ear th  and Sun a r e  t h e  
two bodies of i n t e r e s t .  
from 75 degrees a t  200 days t o  90 degrees a t  220 days t o  108 degrees  a t  t h e  end 
po in t .  Therefore,  over  t he  major p a r t  of t h i s  s e c t i o n  of t he  t r a j e c t o r y ,  measure- 
ments of the  ea r th  and sun w i l l  provide t o t a l  inp lane  p o s i t i o n  e s t ima tes .  The 
t r ack ing  da ta  f o r  the  e n t i r e  t r a j e c t o r y  shown i n  F igu re  12 i l l u s t r a t e s  the f a c t  
t h a t ,  f o r  t h e  whole t r a j e c t o r y ,  t he  geometry of t h e  p l a n e t a r y  bodies i s  such a s  t o  
permit t h e  t o t a l  p o s i t i o n  s t a t e  t o  be es t imated  a t  a l l  times. Th i s  i s  ind ica t ed  
by t h e  cont inual  improvement of both end po in t  e s t i m a t e s  a s  more da ta  a r e  proces- 
sed. These t racking da ta  have a cha rac t e r  which i s  q u i t e  d i f f e r e n t  from t h e  da t a  
shown i n  Figure 10 f o r  t h e  outbound mission. There are regions i n  t h i s  da t a  when 
l i t t l e  or no improvement ( f l a t  regions) is obta ined  wi th  a d d i t i o n a l  observa t ions .  
T h i s  is  due t o  the  f a c t  t h a t  t h e  geometry does not  allow t h e  t o t a l  p o s i t i o n  s t a t e  
t o  be est imated a t  a l l  t i m e s .  
These two bodies have an  angular  s epa ra t ion  which v a r i e s  
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3. Lunar Tra j ec to ry .  
a r e  presented i n  Figure 6. The 
s t r a t e s  q u i t e  s t rong ly  t h a t  t he  
The a u x i l i a r y  schedule da t a  f o r  t h e  luna r  mission 
measurement accuracy data  shown i n  Figure 6A i l l u -  
only t racking bodies of i n t e r e s t  a r e  t h e  e a r t h  
and moon. For t he  launch data  which was s e l e c t e d ,  t he  Sun is i n  an unfavorable 
p o s i t i o n  f o r  e a r t h  observat ions.  But, a s  shown i n  Sect ion I V ,  C ,  changing t h e  
launch da te  by a few days w i l l  c o r r e c t  the problem. 
The data i n  Figure 6B ind ica t e s  t h a t  t h e  d i r e c t i o n s  of t h e  Ea r th  
and Moon a r e  30 degrees from being col inear .  With t h e  good measurement accuracy 
which i s  a s soc ia t ed  with each body, i t  i s  very l i k e l y  t h a t  t h e  30-degree angular  
s e p a r a t i o n  w i l l  permit a determination of t he  t o t a l  pos i t i on .  The measurement 
geometry is shown p i c t o r i a l l y  i n  Figure 13. The t r ack ing  da ta  shown i n  Figure 14 
tends t o  i n d i c a t e  t h a t  t h e  t o t a l  p o s i t i o n  i s  being estimated a t  a l l  times. The 
e r r o r  i n  e s t ima te  of t h e  terminal  c o n s t r a i n t s  con t inua l ly  decreases  a s  a d d i t i o n a l  
data  a r e  taken. 
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SECTION IV. STAR SELECTION 
I The data which are presented i n  t h i s  s e c t i o n  a r e  designed t o  a i d  i n  the 
The s t a r  da t a  presented here  a r e  t o  be used i n  conjunction with the  
s e l e c f i o n  of s p e c i f i c  stars f o r  u s e  i n  making sex tan t  observat ions of a planet-  
a r y  body. 
p l ane ta ry  body selection da ta  i n  Sec t ion  111. 
d i c a t e s  t h e  a v a i l a b i l i t y  of s t a r s  i n  a s p e c i f i c  d i r e c t i o n  r e l a t i v e  t o  a p l ane ta ry  
body f o r  use with t h e  var iqus bodies a s  a func t ion  of t i m e .  
The s t a r  da t a  i n  t h i s  s e c t i o n  in-  
I A .  GENERAL 
STAR # 2  
\ 
t 
\ 
1 
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I f  the l i ne -o f - s igh t  t o  the p l ane t  i s  t o  be determined, two d i f f e r e n t  
s t a r s  must be s e l e c t e d  for the  two measurements (Figure 15) .  
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The s e l e c t i o n  of t h e  s t a r s  such t h a t  t he  angle  p i s  90 degrees  then 
y i e l d s  a measurement of the  LOS d i r e c t i o n  wi th  a n  accuracy which i s  equiva len t  
t o  a t heodo l i t e  measurement of the  LOS d i r e c t i o n .  F igure  16 demonstrates t h i s  
equivalence f o r  an  Earth-to-Mars t r a j ec to ry .  
e r r o r  i n  e s t ima te  of p o s i t i o n  m i s s  (BeT and B - R )  a t  Mars encounter  a s  a func t ion  
of t h e  t i m e  from e a r t h  i n j e c t i o n .  These data  were obtained by means of t h e  e r r o r  
propagat ion program descr ibed i n  Sect ion 111, D. A s  i s  seen from the  f i g u r e ,  t he  
two t r ack ing  schemes a r e  e f f e c t i v e l y  i d e n t i c a l .  Both provide a n  e r r o r  i n  t h e  e s t i -  
mate of t h e  m i s s  of about 10 km a t  Mars encounter (235 days of t racking) .  
Shown on the  f i g u r e  i s  t h e  XMS 
The re ference  d i r e c t i o n  shown i n  Figure 15 i s  a r b i t r a r y  when two sex tan t  
measurements a r e  made a t  each poin t .  One ques t ions ,  i f  t h i s  re ference  were pro- 
p e r l y  s e l e c t e d ,  would one of t he  measurements be more important than  the  o the r?  
To e s t a b l i s h  a n  importance,  we recognize the  f a c t  t h a t  t h e  p r i n c i p a l  cause of un- 
c e r t a i n t i e s  i n  t h e  es t imate  of t he  terminal miss can be a t t r i b u t e d  t o  the  e r r o r  
i n  e s t ima te  of cur ren t  ve loc i ty .  Therefore ,  i t  would be reasonable t o  choose t h e  
re ference  d i r e c t i o n  of Figure 15 such t h a t  , f o r  t h e  two measurements under consi-  
dera t ion :  
1. S t a r  No. 1 i s  i n  the  d i r ec t ion  of maximum r o t a t i o n  r a t e  of t h e  
l i ne -o f - s igh t  due t o  the v e h i c l e ' s  i n e r t i a l  ve loc i ty .*  
o f - s igh t  due t o  t h e  v e h i c l e ' s  i n e r t i a l  ve loc i ty .*  
2 .  S t a r  No. 2 i s  i n  t h e  d i r ec t ion  of z e r o  r o t a t i o n  r a t e  of t h e  l i ne -  
The N o .  1 s t a r -p l ane t  measurement then y i e l d s  t h e  g r e a t e s t  information 
on the  v e h i c l e ' s  v e l o c i t y  i f  i t  i s  taken p e r i o d i c a l l y  over  a given time per iod.  
Therefore ,  i f  f o r  some reason the  t o t a l  number of measurements i s  r e s t r i c t e d ,  
then more measurements of t h i s  type should be assigned t o  t h e  schedule than  those 
us ing  t h e  s t a r  No. 2 p lane t  measurement. 
The d i r e c t i o n  of the  maximum LOS r a t e  due t o  t h e  v e h i c l e ' s  motion i s  
given by: 
A r x v  r 
" I r l  u =  Ir x V I  
and t h e  d i r e c t i o n  of zero  LOS ra te  due t o  the  v e h i c l e ' s  motion i s  given by: 
A r x v  t =  
Ir x V I  
where 
r = instantaneous i n e r t i a l  v e c t o r  between t h e  veh ic l e  and 
the  body 
* 
(9) 
I n  t h e  above, t he  words, "due t o  the v e h i c l e ' s  i n e r t i a l  ve loc i ty"  a r e  added. 
Th i s  i s  imply the  r e s u l t  of t h e  fac t  t h a t  t h e  observed c e l e s t i a l  body ephe- 
meris i n  t h e  s t a r  
c e l e s t i a l  body's v e l o c i t y  provides no information t o  the  es t imate  of the  vehi- 
c l e ' s  p o s i t i o n  o r  ve loc i ty .  
background i s  accura te ly  known and t h e  knowledge of t h e  
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v = t he  i n e r t i a l  ve loc i ty  vec to r  of t he  veh ic l e  r e l a t i v e  
t o  the  body of g rea t e s t  a t t r a c t i v e  f o r c e ,  ( t he  cen- 
t ra 1 body) 
The v e l o c i t y  v e c t o r ,  v ,  i s  defined i n  t h i s  manner s i n c e  t h e  c e n t r a l  body's 
i n e r t i a l  v e l o c i t y  i s  known and does not con t r ibu te  any knowledge about t h e  veh ic l e  
mot ion.  
B. EARTH-MARS TRAJECTORY 
A The d i r e c t i o n  of the LOS, and the ^u and t measurement d i r e c t i o n s  f o r  
each of t he  p l ane ta ry  bodies have been generated f o r  t he  Earth-Mars t r a j e c t o r y .  
The data were generated a s  r i g h t  ascension and d e c l i n a t i o n  measured i n  vehicle-  
centered Earth equator  of 1950 coordinates.  Th i s  permits t he  da t a  t o  be presented 
on s t a r  c h a r t s  which a r e  a v a i l a b l e .  
the information which i s  a v a i l a b l e  from the  data .  
Figures  1 7 A  and 1 7 B  present  a n  i l l u s t r a t i o n  of 
The data  presented i n  Figure 1 7 A  i s  the  r i g h t  ascension of Ea r th ,  Mars, 
and Sun i n  Earth equator of 1950 a s  a function of t i m e  along the  t r a j e c t o r y .  
Figure 1 7 B  i s  t h e  c e l e s t i a l  sphere a s  seen from the  spacec ra f t .  The dot ted l i n e  
i s  the  e c l i p t i c  plane p ro jec t ed  on the  sphere. The f i g u r e  a l s o  contains  a few 
of t he  f i r s t ,  second, and t h i r d  magnitude s t a r s  which a r e  near t h e  e c l i p t i c  plane. 
Due t o  i n j e c t i o n  energy considerat ions,  t h e  i n t e r p l a n e t a r y  t r a j e c t o r y  i s  
confined t o  be near  the e c l i p t i c  plane,  The resu l t  i s  t h a t  a l l  t he  p l ane ta ry  
bodies w i l l  appear t o  be very near the e c l i p t i c  when viewed from the  spacec ra f t .  
I n  a d d i t i o n ,  t he  u and t measurement d i r e c t i o n s  f o r  use with the sex tan t  w i l l  be 
e s s e n t i a l l y  i n  the e c l i p t i c p l a n e  and normal t o  i t  r e spec t ive ly .  
t h i s ,  the da t a  shown i n  Figure 1 7  can be used f o r  a rapid eva lua t ion  of the a v a i l -  
a b i l i t y  of s t a r s  a s  a func t ion  of t i m e  along the  t r a j e c t o r y  by p r o j e c t i o n  of t he  
EU curves i n t o  the  e c l i p t i c  plane.  
f o r  t he  bodies a t  a l l  times. khen one o r  more of these bodies has been s e l e c t e d  
f o r  use w i t h  a sextant  based on the data presented i n  Sect ion 111, the f e a s i b i l i t y  
of u s ing  the  body can be determineti by the da t a  shown i n  the  f i g u r e .  The a v a i l -  
a b i l i t y  of s t a r s  and the p o s i t i o n  of the sun can be evaluated t o  de t e rmine ' i f  t h e  
measurement i s  poss ib l e .  I n  o rde r  t o  i l l u s t r a t e  t h e  u s e  of Figure 1 7  and a l s o  
i n d i c a t e  how v e h i c l e  c o n s t r a i n t s  may be included i n  the s e l e c t i o n  of s t a r s ,  an 
example w i l l  be c a r r i e d  through. 
h A 
A s  a r e s u l t  of 
This plane provides t h e  required d e c l i n a t i o n s  
Assuming t h a t  data  i n  Sec t ion  111 i n d i c a t e s  t h a t  observat ions of the Sun 
and Earth a r e  d e s i r a b l e  a t  approximately 120 days,  Figure 17A i s  entered a t  t h i s  
t i m e .  A s  shown by the  do t t ed  l i n e s ,  the r i g h t  ascensions of t hese  bodies a r e  pro- 
j e c t e d  i n t o  the e c l i p t i c  plane shown on the  c e l e s t i a l  sphere i n  Figure 17B.  The 
i n t e r s e c t i o n  of t he  do t t ed  l i n e s  and the e c l i p t i c  plane r ep resen t s  t h e  p o s i t i o n s  
of t h e  sun and e a r t h  on the c e l e s t i a l  sphere a s  viewed from the  spacecraf t  a t  120 
days a long  the  t r a j e c t o r y .  
p o i n t s  have been enlarged and a r e  shown i n  Figure 18. 
t h a t  bo th  bodies a r e  very near the e c l i p t i c  plane,  and t h a t  the u an< t measure- 
ment d i r e c t i o n s  a r e  tangent ( i n  t h e  plane) and normal t o  the plane. Overlayed on 
each s e c t o r  i s  a 20-degree diameter c i r c u l a r  window. 
F o r t y  by s i x t y  degrees s e c t o r s  about each of t hese  
It can be seen i n  Figure 18 
A A 
The overlay could be made 
27 
I 
I 
I 
0 
t o  any s i z e  and shape which corresponded t o  the  v e h i c l e ' s  observat ion window con- 
t r a i n t s .  The veh ic l e  windows shown i n  the f i g u r e  p re sen t  the bodies oE i n t e r e s t  
and t h e  background s t a r s  a v a i l a b l e  a t  the s p e c i f i e d  t i m e .  
The upper p a r t  of Figure 18 shows t h a t  t he  f i r s t  mag,nitude s t a r ,  R e  u l u s ,  
A can be used  f o r  a measurement of the p > s i t i o n  i n  thc u rireLti >n. T h c  u s e  o1 t h e  
s t a r  would be r e s t r i c t e d  t o  a s l i g h t l y  e a r l i e r  o r  l a t e r  t i m e  s ince  i t  i s  d i r e c t l y  
i n  t h e  sun a t  t h e  t i m e  shown. The t i m e  d i f f e r e n c e  which G I O U ~ ~  be required would 
depend on the angular  s epa ra t ion  between a s t a r  and the  sun required l o r  niaking 
such a measurement when us ing  a s p e c i f i c  instrument.  
f l i g h t  ( t h r e e  degrees r i g h t  ascension or about f o u r  days) , the  t h i r d  magnitude 
i n  t h e  upper p a r t  of the  window would be i n  an  i d e a l  p o s i t i o n  f o r  a s t a r ,  
p o s i t i o n  measurement i n  the  t d i r e c t i o n .  It i s  w i t h i n  the  v e h i c l e ' s  window f o r  
t h e  time shown and not t oo  f a r  from t h e  reference t d i r e c t i o n .  The same type  of 
a n a l y s i s  can be performed f o r  the  Earth which i s  shown i n  the lower p o r t i o n  of 
Figure 18. I n  t h i s  c a s e ,  the s t a r  Spica could be used € o r  a t measurement, and 
a few days l a t e r  i t  would be posi t ioned f o r  a measurement i n  t h e  6 d i r e c t i o n .  
Sl i ; ,h t ly  e a r l i e r  i n  the  
A 
'{LEO 
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I f  t hese  two bodies ,  Sunand Earth,were t o  be observed a t  approximately 
thc  same t ime,  Figure 17 a l s o  i n d i c a t e s  t h a t  t he  veh ic l e  m u s t  be r eo r i en ted  52 
degrees i n  RA and 2 0  degrees DEC. With a s p e c i f i c  con t ro l  system, these required 
excursions could be used t o  t e n e r a t e  data on t h e  t i m e  and f u e l  requirements f o r  
such a maneuver. The da ta  generated i n  t h i s  manner would l i k e l y  d i c t a t e  how o f t e n  
one might want t o  switch bodies being observed. 
The da ta  i n  Figure 17A can a l s o  be used t o  eva lua te  the p o s i t i o n  of t he  
sun r e l a t i v e  t o  a body of i n t e r e s t .  This woulc! be done t o  ensure t h a t  t h e  sun 
d id  not "blind" t h e  instrument being used. For example, a t  the time of 120 days,  
t he  e a r t h  i s  50 degrees away from the  sun. The f i g u r e  a l s o  i n d i c a t e s  t h a t  t h i s  
i s  a s  c l o s e  a s  t he  e a r t h  g e t s  t o  the  s u n  a long  the  whole t r a j e c t o r y .  
C. LUNAR TiiAJECTOIiY 
These a u x i l i a r y  s t a r  s e l e c t i o n  l a t a  have been generated f o r  a l u n a r  t r a -  
j e c t o r y  and a r e  presented i n  Figure 19. There a r e  a number of f e a t u r e s  of the  
l u n a r  t r a j e c t o r y  which r equ i r e  t h a t  the da ta  p r e s e n t a t i o n  be s l i z h t l y  d i f f e r e n t .  
F i r s t ,  i t  i s  shown i n  Sec t ion  I11 t h a t  only bodies of i n t e r e s t  f o r  t r ack ing  a r e  
t h e  e a r t h  and moon. The sun i s  of i n t e r e s t  only because i t s  p o s i t i o n  r e l a t i v e  t o  
these  bodies  could make measurements of e i t h e r  t he  e a r t h  o r  moon impossible.  
The re fo re ,  t he  da ta  shown a r e  only concerned wi th  t h e s e  t h r e e  bodies. Second, 
t he  d o t t e d  l i n e  shown i n  the  f i g u r e  i s  t h e  i n j e c t i o n  t r a j e c t o r y  plane p ro jec t ed  
on the c e l e s t r i a l  sphere r a t h e r  than t h e  e c l i p t i c  plane.  Then t h e  RA of t he  
e a r t h  and moon may be p ro jec t ed  up  t o  t h i s  l i n e  t o  determine the  d e c l i n a t i o n  of 
t h e  body and i t s  p o s i t i o n  on the  c e l e s t i a l  sphere. There w i l l  be ve ry  l i t t l e  
movement of t h e  sun during t y p i c a l  lunar t r a j e c t o r i e s  and i t  can t h e r e f o r e  be 
p o s i t i o n e d  i n  the  proper p o s i t i o n  a s  shown i n  Figure 19C. 
be near  t h e  e c l i p t i c  p lane ,  and i s  not p ro jec t ed  i n t o  the t r a j e c t o r y  plane 
shown by the do t t ed  l i n e .  
The sun w i l l  always 
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The t r a j e c t o r y  plane was used r a t h e r  than t h e  e c l i p t i c  because the l u n a r  
t r a j e c t o r y  i s  not r e s t r i c t e d  by launch energy cons ide ra t ion  t o  be near  t he  e c l i p t i c .  
The t r a j e c t o r y  plane shown i n  t h e  f i g u r e  i s  i n c l i n e d  about 10 degrees t o  t h e  
e c l i p t i c  . 
The data i n  Eigure 19 which has been described above a r e  then used i n  t h e  
same manner a s  described f o r  t h e  Earth-Mars t r a j e c t o r y .  It i s  of i n t e r e s t  t o  note 
t h a t ,  wi th  t h e  exception of t h e  f i r s t  and l a s t  few hours of f l i g h t ,  t he  background 
stars f o r  t h e  Earth and Moon remain constant .  It i s ,  t h e r e f o r e ,  poss ib l e  by selec- 
t i o n  of t h e  appropriate  time of month f o r  a f l i g h t  t o  o b t a i n  a d e s i r a b l e  s t a r  back- 
ground. 
t h a t  t h e  p o s i t i o n  of t he  sun would make observat ion of t h e  e a r t h  impossible f o r  
most of t h e  t r a j e c t o r y .  The da ta  i n  Figure 1 9 A  shows a more favorable  p o s i t i o n  of 
t h e  sun obtained by s e l e c t i n g  a launch da te  e igh t  days l a t e r .  Figure 19A a l s o  
i n d i c a t e s  t h a t  the background s t a r s  f o r  t h e  Earth and Moon have a l s o  been changed. 
Tbis shows t h e  f l e x i b i l i t y  a v a i l a b l e  i n  ob ta in ing  d e s i r a b l e  t r ack ing  s i t u a t i o n s  by 
changing t h e  launch da te  f o r  a l una r  mission. 
For  in s t ance ,  t he  da t a  shown i n  Figure 19B f o r  one i n j e c t i o n  data  i n d i c a t e s  
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APPENDIX A. TRAJECTORY DESCRIPTIONS 
A. GENERAL 
This  appendix con ta ins  a desc r ip t ion  of t h e  t h r e e  nominal t r a j e c t o r i e s  
They c o n s i s t  of two i n t e r p l a n e t a r y  t r a j e c t o r i e s  (round t r i p  t o  Mars) 
which have been used t o  desc r ibe  and evaluate  t h e  schedule da t a  which a r e  pre- 
sented. 
and one l u n a r  t r a j e c t o r y .  
B . EARTH- MARS TRAJECTORY 
The d e s c r i p t i o n  of t h e  t r a j e c t o r y  i s  presented below wi th  a n  e c l i p t i c  
p r o j e c t i o n  of t h e  t r a j e c t o r y  shown i n  Figure 20. 
of 1736.5 seconds. 
The t r a j e c t o r y  has  a park t ime 
I n j e c t  i o n  Conditions Earth-Centered, Ea r th  Equator 1950 
Launch Date 10 February 1975 
F r a c t i o n a l  Date 
Range 
Right Ascension 
Dec l ina t ion  
Ve loc i ty  
A z imu t h 
Path Angle 
F 1 i ght Time 
2 H r s . ,  1 Min., 25.147 Sec. 
6563.4642 Km. 
-147.02278 Deg. 
- 19.360749 Deg. 
16.058885 Km/Sec 
110.97047 Deg. 
0.38146973*10- Deg. 
235 Days 
The r ad ius  of c l o s e s t  approach a t  Mars i s  3860 Km. 
C. MARS- EARTH TRAJECTORY 
Th i s  t r a j e c t o r y  i s  the  cont inuat ion of t h e  Earth-Mars t r a j e c t o r y  back t o  
e a r t h .  It was assumed t h a t  t h e r e  was a 40-day s t a y  i n  t h e  Mart ian o r b i t  p r i o r  t o  
r e t u r n .  The t r a j e c t o r y  i s  shown i n  Figure 2 1  p ro jec t ed  i n t o  t h e  e c l i p t i c  plane.  
I n j e c t i o n  Conditions 
Launch Date 12 November 1975 
F r a c t i o n a l  Date 10 H r s . ,  47 Min., 26.241 Sec. 
Range 3951.7483 Km 
Right Ascension -151.02687 Deg. 
Dec l ina t ion  - 9.72 16896 Deg. 
Ve loc i ty  6.6190158 W S e c  
Mars-Centered, Earth Equator 1950 
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Azimuth 119.26048 Deg. 
Path Angle 0.592 14306 Deg. 
F l i g h t  T i m e  297 Days 
The radius  of c l o s e s t  approach a t  t h e  Ear th  i s  6442 Km. 
D. LUNAR TRAJECTORY 
The lunar  t r a j e c t o r y  was se l ec t ed  f o r  1965. The t r a j e c t o r y  i s  shown i n  
F igure  22 projected on t h e  i n j e c t i o n  t r a j e c t o r y  plane.  
time of 4124.7 seconds. 
The t r a j e c t o r y  has a park 
I n j e c t  ion Condit-j ons 
Launch Date 13 May 1965 
F rac t iona l  Date 58 Min., 10.402 Sec. 
Range 6562.1644 Krn. 
Right Ascens ion  63.2 382 0 1 
Decl inat ion 22.525811 
Veloc i ty  10.985436 Km/Sec 
Azimuth 64.422800 Deg. 
Path Angle 0.9073486.10- Deg 
F 1 i gh t Time 60 H r s .  ’ 
The radius  of c l o s e s t  approach a t  t h e  Moon i s  2260 Km. 
Earth-Centered, Ear th  Equator 1950 
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APPENDIX B. GJUDIENT OF MEASUREMENT 
A .  GENERAL 
Assuming t h a t  a n  estimate of the  t r a j e c t o r y  of i n t e r e s t  i s  a v a i l a b l e ,  one 
may use pe r tu rba t ion  techniques i n  u t i l i z i n g  t h e  measurements t o  improve the  es t i -  
mate. The dev ia t ion  i n  a measurement q u a n t i t y ,  @, from the nominal value may be 
w r i t t e n  a s  follows: 
where 
6q = dev ia t ion  of measurement from nominal 
h = row vec to r  which i s  the  gradient  of t he  measurement 
x = p o s i t i o n  dev ia t ion  s ta te  
+ 
wi th  respect  t o  the p o s i t i o n  
As can be seen i n  Equation ( l o ) ,  t he  q u a n t i t y  which c h a r a c t e r i z e s  an 
4 
i nd iv idua l  measurement i s  the measurement g rad ien t  vec to r ,  h. 
I n  t h i s  appendix, a d e r i v a t i o n  of t h e  gradient  f o r  the sex tan t  measure- 
+ 
ment is presented. The geometrical  s i g n i f i c a n c e  of t h e  h v e c t o r s  a s s o c i a t e d  wi th  
a set of measurements i s  explained anti used i n  Sec t ion  111. 
B. SEXTANT OBSERVATION 
The gradient  of t h e  sex tan t  measurement may be obtained as fol lows.  The 
i n t e r e s t  i n  t h e  u s e  of t h e  sex tan t  has  b e e n - r e s t r i c t e d  t o  s t a r - p l a n e t  ang le  mea- 
surements f o r  t h i s  de r iva t ion .  
23. The q u a n t i t y  of i n t e r e s t  i s V  n. 
The geometry of t h e  measurement i s  shown i n  Figure 
X 
WhereVx is the  gradient  w i t h  respect  t o  t h e  v e h i c l e ' s  p o s i t i o n  s t a t e ,  
* 
x. The subsc r ip t  x w i l l  be omitted i n  the  fol lowing d e r i v a t i o n .  
The angle ,  a, which i s  measured wi th  t h e  sex tan t  may be represented as* 
* Super sc r ip t  T means transpose; I = u n i t  diagonal  1ilatr-x 
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Taking t h e  gradient  of Equation (11) y i e l d s  
or 
po in t ing  t o  a s t a r  i s  not: a func t ion  of veh ic l e  p o s i t i o n ;  s1 The u n i t  v e c t o r ,  
theref o r e  
v2, = 0 
and Equation (12A) becomes 
The grad ien t  of P may be r ewr i t t en  a s  1 
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I S u b s t i t u t e  of Equation (14) i n t o  Equation (13) yielcis: 
4 4 4 
For the  d i r e c t i o n  of the vec to r s  x and P shown i n  Figure 24, the  gradient  of P 
wi th  respect  t o  x i s  
-0 
ox; = - I 
t he r fo re  Equation (15) becomes: 
A A 2; P1 x s 
v a  = IPI s i n  a (I- a 1 ^ P T  I )  = & { p x q  x ^P 1 1 (16) 
The two p a r t s  of Equation (16) which a r e  of i n t e r e s t  a r e  t h e  mat r ix ,  (I - Bl3:> 
and t h e  vec to r  2: 
A A T  
1 1  
The matrix, (I - P P ) , w i l l  project  any vec to r  i n t o  a plgne normal t o  
the vec tor  
normal t o  the  d i r e c t i o n  of t h e  l i ne -o f - s igh t  t o  t h e  p lane t  being used. 
vec to r ,  8,. i s  therefore  pro jec ted  i n t o  a plane normal t o  the  l i ne -o f - s igh t .  Th i s  
projected vec to r  e s t a b l i s h e s  the  d i r e c t i o n  of t h e  grad ien t  i n  t h e  p lane  normal t o  
the  l i ne -o f - s igh t .  
by t h e  i n t e r s e c t i o n  of two planes.  
s i g h t  and the  second plane i s  t h e  one which con ta ins  the  v e h i c l e ,  p lane t  and s t a r .  
The g rad ien t  of t he  measurement w i l l  t he re fo re  lie i n  a plane 
The u n i t  
Therefore ,  t h e  d i r e c t i o n  of t h e  measurement grad ien t  is  descr ibed 
One plane is n o m 1  t o  t h e  d i r e c t i o n  of l i ne -o f -  
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